Double-nut ball screws bear the action of bidirectional pretightening force, leading to the deformation of the contact area between the ball and the raceway. Under this condition, it is important to analyze and calculate the static stiffness of the ball screw. However, the conventional calculation method is inaccurate. Hence, a new method for the static stiffness analysis of a double-nut ball screw is proposed. Through the structural analysis of the ball screw and internal load distribution, a load deformation model was established based on the Hertzian contact theory. Through the load analysis of the ball screw, a static stiffness model of the ball screw was established and applied to a case study and a finite element simulation. The rigidity of THK double-nut ball screws used in the X-axis feed system of a high-stiffness heavy-duty friction stir welding robot (developed by the research group) was calculated. When the workload was lower than 1.1 × 10 4 N, the slope of the double-nut static stiffness curve increased significantly with the increase in the workload, and when the workload was greater than 1.1 × 10 4 N, its upward slope tended to stabilize. The simulated and experimental stiffness curves were in good agreement; when the external axial load was greater than 2.8 × 10 4 N, the stiffness value calculated using the finite element method gradually converged to the theoretical value; and when the axial load reached 3.0 × 10 4 N, the simulation and test curves matched well. The analysis method of the double-nut ball screw was found to be concise and accurate, and the stiffness curves calculated using the two methods were consistent. The simulation analysis of the static stiffness presented herein is expected to aid the design of double-nut ball screws of high-rigidity heavy-duty equipment.
Introduction
A ball screw is widely used in mechanical equipment, particularly along the feed axis of CNC machine tools. The ball screw is characterized by high precision, high rigidity, micro feed, and high-speed feed [1] . However, the clearance between the ball and the roller induces an error in the ball screw. To solve this problem, double-nut ball screws have been developed. The pretightening method of a double-nut ball screw mainly includes positioning pretightening and fixed-pressure pretightening. Currently, the most common application of positioning pretension involves adding a rigid washer between the two nuts to generate an axial relative offset between them, thus generating an axial thrust. The pretension force can be controlled using gaskets of different thicknesses. The constant-pressure preload mainly produces an axial elastic tension force because of the spring installed between the two nuts. This is the axial preload force of the ball screw pair and is approximated to be a constant [2] . In this study, the positioning pretightening method was used.
The axial stiffness is the most important performance index of a ball screw. It significantly influences its positioning accuracy, dynamic performance, and transmission performance [3] .
To design an optimized preload system for a ball screw, Verl et al. [4] studied the influences of preload force and nut and geometric parameters of the screw raceway on the axial stiffness of the ball screw from the nut structure. They proposed a calculation method for the axial stiffness of the ball screw. A geometrical error in the ball screw significantly affects its rigidity. Drossel et al. [5] presented an approach to reset the preload loss in ball screw drives, thus compensating for the loss of positioning accuracy due to wear over lifetime, and designed a novel shape memory alloy (SMA) bulk actuator module for ball screw drives.
Because of the complexity of the ball screw structure, it is difficult to establish its stiffness model, and many scholars have proposed different modeling methods. To study the influence of heat on the stiffness of a ball screw, Shi et al. [6] proposed a theoretical modeling method for the thermal error using fuzzy clustering and linear regression. Li et al. [7] combined the Monte Carlo method with a finite element method and proposed an adaptive real-time model. This paper introduces a new method for calculating the static stiffness of a double-nut ball screw. Considering the geometric dimensions and material characteristics of doublenut ball screws and the analysis of the internal load distribution based on the Hertzian contact theory, a deformation model of the ball screw under load was established. Moreover, an axial stiffness model of the ball screw was established by analyzing the load acting on the ball screw. The stiffness model was applied to THK double-nut ball screws used in the X-axis feed system of a high-stiffness heavy-duty friction stir welding robot developed by the research group. A finite element simulation was then conducted. The results showed that the static stiffness analysis method is accurate and effective and that the static stiffness curve obtained for a case study is in good agreement with the simulated curve. This study is expected to provide guidance and reference for the selection and design of transmission systems (ball screws) of high-rigidity heavy-duty equipment.
Analysis and Calculation of Static Stiffness of Double-Nut Ball Screws
The static stiffness of a ball screw refers to the axial stiffness along the ball screw. According to the calculation formula, the axial stiffness of a ball screw is the differential of the axial load it bears with respect to the change in the axial displacement [8] . Under the action of an axial working load, the relative displacement between the lead screws changes because of elastic deformation. However, this change is mainly due to the contact between the ball and the raceway induced by the change in the contact angle; the corresponding load acting on the ball bearings is also the normal load along the contact point. Therefore, to determine the axial contact stiffness of a ball screw, the relationship between the axial external load and the normal load acting on the ball screw must be obtained first. The relationship between the normal contact elastic deformation and the axial displacement of the ball screw can then be determined [9] .
. . Geometric Parameters of Double-Nut Ball Screws. Figure 1 shows the geometric parameters of a double-nut ball screw. The ball screw consists of a lead screw, screw nuts, and balls. Between the two screw nuts, the magnitude of the prestressing force can be adjusted using a prestressing gasket [10] . Nut A has a flange for easy mounting between the nut seats. Its external frame size parameters mainly include the nominal diameter, flange diameter, nut diameter, flange thickness, and pretightening gasket thickness of the screw. These geometric parameters are a part of the input conditions for stiffness calculation. The size parameters related to the ball and raceway inside the ball screw are also used in calculating the axial contact stiffness of the ball screw. The geometric parameters mainly include the contact angle, compactness, the numbers of columns and turns of the ball, the number of working balls, and the main curvature of each contact point between the ball and the raceway.
. . . Helix Angle and Pitch. The section where nut A contacts the screw is taken as an example, as shown in Figure 2 . The contact part between the ball and the screw side is represented by , and the contact part between the ball and the nut side is represented by . The pitch of the ball screw is the distance along the screw axis between the centers of two adjacent balls in the normal profile of the spiral raceway, represented by ℎ .
The screw angle of the screw is the sharp angle formed between the tangent line of the screw cylinder helix and the straight line of the cylinder through the tangent point, expressed as .
where and 0 are the screw angle and nominal diameter of the ball screw, respectively.
. . . Contact Angle and Raceway Curvature Ratio. The contact angle of the ball screw is defined as follows. In the normal profile of the screw raceway of the ball screw, the ball is tangent to the inner and outer raceways, and the connection between the center of the ball and the tangent point and the angle perpendicular to the axis of the ball screw is called the contact angle , as shown in Figure 3 .
The contact angle has a significant effect on the contact stiffness of the ball screw. The greater this value, the greater the axial bearing capacity of the joint, i.e., the greater the axial stiffness. In addition, the greater the contact angle, the greater the transmission efficiency of the ball screw and the longer the service life. However, an excessive contact angle is not recommended, because this will make the position where the ball and raceway come into contact steeper, thus affecting welding precision or causing fatigue damage to the ball screw joint [11] .
In Figure 3 , the radius of the ball is 푤 , the radius of the raceway curvature of the screw is r i , and the radius of the raceway curvature of the nut is 푒 . The ratio of the radius of the ball in the ball screw to the radius of the raceway curvature is called the raceway curvature ratio of the joint of the ball screw . The curvature ratio of the raceway is an important factor affecting the ball screw. The greater the value, the closer the contact between the ball screw and the screw nut, the lower the contact stress, the greater the bearing capacity of the ball screw joint, and the greater the contact stiffness. On the contrary, the contact stiffness will decrease, and the contact stress will increase. For currently used ball screws, the raceway curvature ratio is generally 1.04 or 1.11 [12] .
. . . Number of Ball Columns, Rolls, and Working Balls. With reference to a multithread bolt, the number of columns of the ball bearings in a ball screw is the same as the number of threads or heads in the bolt. It refers to the number of ball chains that can operate independently around the screw. A screw with only one independent ball motion chain is called a single-row ball screw, one with two is called a double-row ball screw, and one with two or more ball chains is called a multirow ball screw. The winding number of ball bearings refers to the total number of windings of all working balls around the screw in the process of winding around the screw [13] .
Generally, the load distribution of the working balls on the nut is uneven. The first round of the ball bearings can bear 30-40% of the total axial load, the second round approximately 20-30% of the total load, the third round only approximately 10-20% of the total load, and the back of the ball bearings only a small load or almost no load [14] . Therefore, generally, the number of cycles of the ball screw in a ball screw pair does not exceed three turns. The calculation formula for the number of working ball bearings in a single nut is as follows.
where is the number of working ball bearings for a single nut, is the number of turns of the working ball in a single nut multiplied by the number of columns, and 푤 is the diameter of the ball.
. . . Principal Curvature and Sum of Principal Curvature between the Ball and Raceway. According to the Hertzian contact theory and the definition of principal curvature, the principal curvature at the contact point between the ball and the inner and outer raceways in the ball screw can be derived mathematically [15] . The main curvature between the ball and the inner and outer raceway is related to the nominal diameter, spiral angle, contact angle, and raceway curvature ratio of the ball screw. The four principal curvatures at the contact point between the ball and the screw raceway surface are as follows.
Similarly, the four principal curvatures at the contact point of the ball and the screw raceway surface are as follows:
Therefore, with (3) and (4), the expressions of the sum of the principal curvature of the ball at the contact points i and e of the inner and outer raceways can be obtained.
The above formula shows that the sum of the principal curvature of the contact point between the ball and the screw raceway surface should be greater than that between the ball and the screw raceway surface.
. . Internal Load Distribution of Double-Nut Ball Screws.
Under the action of an external axial load, the ball screw transfers the load between the screw nuts through the balls between them, as shown in Figure 4 (a). Assuming that the screw of the ball screw is subjected to an external axial force , the normal force of the ball due to the extrusion between the screw and the screw is , and all the balls are loaded equally [16] .
Based on the spatial geometric relationship of each parameter in the figure, the relationship between the axial external load of the ball screw and the load in the ball direction can be obtained as follows.
= sin cos (6) Figure 4 (b) shows the elastic deformation of the ball under the action of normal load 1. It is assumed that the elastic deformation of the ball at the contact point with the screw raceway is 푒푄 , and the elastic deformation at the contact point with the screw raceway is 푖푄 . Therefore, under the action of axial workload , the total elastic deformation of the ball screw due to normal force is 푄 .
Based on the geometric relationship between the parameters, through the normal deformation generated by the ball under the action of the normal force, the axial deformation 푎 generated between the screw nuts can be obtained as follows.
where 푎 is axial deformation of ball screw. After determining the relationship between the axial force of the ball screw and the normal force of the ball and that between the axial deformation and the normal deformation of the ball, through the geometric parameters of the ball screw and Hertzian contact theory [17] , the total normal contact deformation 푄 of the ball in the ball screw can be determined. The relationship between its axial contact deformation 푎 and the axial workload can be obtained from
where ∑ 푒푄 and ∑ 푖푄 are the sum of the principal curvature at the contact point of the ball with the screw and the screw raceway, respectively, 푒푄 and 푎푒푄 are the coefficients associated with 푒푄 of the ball raceway point contact theory, 푖푄 and 푎푖푄 are the coefficients associated with 푖푄 of the ball raceway point contact theory, ( 푖푄 ) is the first type of complete elliptic integral related to elliptic eccentricities 푒 and 푖 , and is the equivalent modulus of elasticity.
Equation (9) can be written as the product of a variable 1 and the axial load borne by the ball screw, as follows.
This is the relationship between the elastic deformation of the ball in contact with the raceway in the Hertzian contact theory and two-thirds of the external axial load [18] . And we can find that this variable is only related to the structural parameters of the ball screw itself and does not change with the change in the external load. The expression is as follows.
Mathematical Problems in Engineering . . Load Analysis of Double-Nut Ball Screws. The double nut pretightening ball screw is widely used in CNC machine tools. Compared with a single nut ball screw, there is no clearance between the screw and the mother screw in the transmission process, thus significantly improving the welding accuracy, and the presence of pretightening force also plays an important role in improving the axial contact stiffness of double-nut ball screws [19] .
There are many types of pretightening structures for double nuts, and the positioning pretightening of a double nut is introduced here, as shown in Figure 5 . Two screws are installed side by side on a ball screw, and the axial pretightening force is adjusted by adjusting the thickness of the pretightening gasket between the two screws. [20] . Here, nut A, which bears the working load, is the working nut, whereas nut B, which does not bear the working load, is the pretightening nut. The advantages of this pretensioning method are simple structure, reliable pretensioning, convenient assembly and disassembly, and good axial rigidity.
It is noteworthy that the double nut pretensioning device cannot improve the axial bearing performance of the ball screw, but only enhance the axial stiffness of the joint and eliminate the transmission clearance. Moreover, in many applications, double-nut ball screws are operated with an exaggerated level of preloading most of the time, leading to excessive friction, wear, and heat generation. Figure 6 shows the force analysis of the pretightening ball screw with double nuts. When the ball screw is not subjected to any external load, the right and left screws of the ball screw only bear the action of pretension force 푃 under the action of the intermediate pretension gasket. When screw nut B on the right is subjected to axial workload , the actual load on both sides of the acting screw nut changes to some extent. Because of the action of the working load, the actual load on nut A on the left side increases. The load on nut A at this time is 퐴 and the increased force is 1 . The bearing capacity of nut B on the right side decreases because of the action of the working load. Let its value be 퐵 and the reduced load be 2 . Thus, nut B can be viewed as the pretightening nut and nut A as the working nut. Under the above external load, the screw on both sides of the ball will bear the corresponding load. According to the assumption that the force acting on the ball is uniform, the normal contact force on the ball at the left nut A is 퐴 , and the normal contact force on the ball at the right nut B is 퐵 .
Based on the load analysis of the pretightening ball screw with double nuts, the following expression can be obtained.
Based on the relationship between the load of the screw and the normal force of the ball, (6) can be obtained.
The above force analysis shows that nut A, nut B, and the pretightening gasket between them bear the external axial workload and the normal load of the ball acting along the groove. The force balance equation for the screw mother gasket assembly of a double-nut ball screw is as follows.
By substituting (13) into the above equation, the relation between the increments 1 and 2 of nuts A and B due to the external working load and axial load 3 can be obtained.
Based on the force analysis of the double-nut ball screw, as shown in Figure 4 , the deformation of the ball screw under various types of loads can be obtained, as shown in Figure 7 . figure indicate the elastic deformation of the nuts on both sides when the external axial load is further applied. Finally, the total elastic deformations of nuts A and B are 퐴 and 퐵 , respectively.
Based on the relationship between the axial force load acting on the ball screw and its axial deformation, the following relationships can be obtained by combining (10) and (16) .
After the ball screw pretightened by the double nuts is subjected to the external axial load, in addition to the compression deformation 푎 of nut A and the recovery deformation 푏 of nut B, the pretightened gasket will also be compressed because of the pretightening force and external load, and its deformation is set to 푐 [21] . Based on material mechanics, the recovery deformation of a pretightening gasket can be expressed as follows.
where 푐 is the stiffness of the pretensioned gasket and 푐 = 푐 / 푐 , is the modulus of elasticity of the pretensioned gasket material, 푐 is the thickness of the pretensioned gasket, 푐 is the annular cross-sectional area of the pretensioned gasket material and 푐 = 0.25 ( 2 2 − 1 2 ), 2 is the outer diameter of the pretensioned gasket, and 1 is the inner diameter of the pretensioned gasket.
According to the principle of equal deformation [22] , the sum of the compression deformation of nut A and the compression deformation of the pretightening gasket is equal to the restoration deformation of nut B. The deformation coordination equation is as follows.
Therefore, the following expressions can be obtained from (17) and (18):
If the above equation is connected to (15) , and if the external axial load of the pretightening ball screw with double nuts is known, the two nonlinear equations can be solved, and the values of 1 and 2 can be obtained. Finally, the axial contact stiffness of the pretightening ball screw can be obtained from the axial stiffness formula of the ball screw.
where is the axial stiffness of the ball screws pretightened by double nuts and 푎푥푖푠 is the axial contact deformation of the ball screw. 
Instance Analysis
As an example, the X-axis feed system of a high-stiffness heavy-duty friction stir welding robot developed by the research group was analyzed [23] . The ball screw (model number TDB-S-8010) of this system was manufactured by Spain Shuton Company. TD represents the double nuts with pretightening, B represents the flange nuts with edges, S represents the internal circulation of the ball, and 8010 indicates that the nominal diameter of the ball screw is 80 mm and that its lead is 10 mm. Table 1 lists the detailed parameters. During the operation of the friction stir welding robot, the pretightening force 푃 is 10000 N set by the X-axis ball screw, and the variation range of the external axial load is 5000-40000 N. Table 1 lists the other structural parameters of the ball screw. The screw nut, lead screw, and balls are made of bearing steel, and its elastic modulus and Poisson's ratio can be obtained by looking up the material manual.
Through the above formula for calculating the stiffness of the double-nut ball screws under the action of pretightening force, the stiffness curve of the axial contact stiffness of the robot X-axis TDB ball screw with respect to the external working load is plotted, as shown in Figure 8 .
The figure shows that when the preset pretension force of the double-nut ball screw is 10000 N, its axial stiffness increases with the increase in the external axial working load. When the axial working load is lower than 1.1 × 10 4 N, its stiffness increases significantly with the increase in the working load; when the working load is greater than 1.1 × 10 4 N, its rising slope tends to stabilize.
Finite Element Simulation of Double-Nut Ball Screws
To verify the accuracy of the theoretical calculation, a finite element analysis method was used to plot the stiffness curve of the ball screw. To facilitate the establishing of the threedimensional model of the ball screw, a ball screw model with half a ball was selected, as shown in Figure 9 . To improve the calculation accuracy of nonlinear contact and reduce the calculation convergence time, the mesh at the contact point was refined by referring to the segmentation method used for angular contact ball bearings [24] . The surface contact units TARGE170 and CONTA174 were selected for the contact position of the ball and the inner and outer raceway, respectively, and the material properties of each component were given. Finally, the full finite element model of the ball screw is established by extending the above finite element model using mirror image and array. After the ball screw is divided into hexagonal structured grids with SOLID45, the numbers of grids and nodes are 756865 and 421378, respectively. The screw nut, lead screw, and balls are made of bearing steel with an elastic modulus of 2.06E5 MPa and a Poisson's ratio of 0.3. As the entire ball screw only bears the external workload from the axial direction, the following boundary conditions were specified during the analysis [25] :
(1) The degrees of freedom of the end face of the screw are subjected to all fixed constraints.
(2) The end face of the screw nut allows the degrees of freedom along the axial direction and restrains the degrees of freedom in other directions.
(3) The internal ball bearings constrain the tangential degrees of freedom along the cylindrical coordinate system and allow the other two degrees of freedom.
In addition, the load condition needs to be specified for the ball screw, including the application of preload and axial working load. The pretightening force unit PRETS179 provided in ANSYS was used to simulate the effect of the pretightening gasket. The pretightening force can be set to 1.0 × 10 4 N in the middle of the two nuts. An external axial load is applied to the end face of the pretightening nut, and ANSYS analysis and calculation are then performed. Figure 10 shows the finite element analysis results of the double-nut ball screws under preload 푃 = 1.0 × 10 4 N and external axial load = 2.5 × 10 4 N. Following are the conclusions drawn from the figure:
(1) Because of the effects of pretightening force and external load, the displacement directions of nut A side and nut B side are opposite, and the absolute value of the ball displacement near the gasket is relatively high.
(2) As shown in Figure 10(b) , the contact stress of the ball inside the working nut A is greater than that of the pretightening nut B. The closer it is to the pretightening washer, the greater the stress value is.
(3) The maximum axial displacement of nut A is 0.208e-2mm, the maximum von Mises stress of the ball is 140 MPa, and the ball stress on each side decreases successively.
Finally, the axial contact stiffness of the ball screw can be obtained by dividing the axial workload by the maximum displacement in this direction. To compare the finite element analysis data with the theoretical results of stiffness, the axial working load was taken in the range of 0.5 × 10 4 -4.0 × 10 4 N (a total of eight groups of data), and the calculated results were converted into stiffness data. Figure 11 shows the stiffness curve of the double-nut ball screw under external loading.
The figure shows that when the external axial load is lower than 2.4 × 10 4 N, the axial stiffness of the double-nut ball screw obtained using the finite element method is lower than the theoretical value, mainly because the finite element model takes into account the flexibility of the structure and changes in the ball contact angle and other factors. In addition, the grid precision of the contact area significantly affects the accuracy of the results; however, to save computing resources and time, the grid cannot be divided too finely. When the external axial load is greater than 2.4 × 10 4 N, with further increase in the external load, the axial stiffness calculated using the finite element method becomes gradually closer to the theoretical value. This shows that when the external load is relatively high, the finite element calculation results are close to the theoretical calculation results. In particular, when the axial load reaches 3.0 × 10 4 N, the simulated and test curves are in good agreement. Therefore, when the joint stiffness of the friction stir welding robot is selected, it can be considered comprehensively according to the load.
The two curves ( Figure 11) show that when the external load is in the range of 0.5 × 10 4 -2.4 × 10 4 N, the theoretical value is greater than the simulated one, mainly because the structural flexibility and changes in the ball contact angle and friction coefficient were considered in the finite element model.
Conclusions
This study proposes a simple, accurate, and feasible method for calculating the static stiffness of a double-nut ball screw. After analyzing the structure and internal load distribution of the ball screw, a load-bearing deformation model was established based on the Hertzian contact theory. Through the load-bearing analysis of the ball screw, a static stiffness model of the ball screw was established. The model was applied to a case study and a finite element simulation. The rigidity of THK double-nut ball screws used in the X-axis feed system of a high-stiffness heavy-duty friction stir welding robot (developed by the research group) was calculated. When the axial working load was lower than 1.1 × 10 4 N, the axial static stiffness of the double nuts increases significantly with the increase in the working load. When the working load was greater than 1.1 × 10 4 N, the rising slope tends to stabilize. The stiffness curves obtained from the simulation and experimental results were in good agreement. When the external axial load was greater than 2.8 × 10 4 N, the stiffness calculated using the finite element method gradually tends to the theoretical value. When the axial load was 3.0 × 10 4 N, the two curves were in good agreement.
Under the X-axis working condition of the robot, when the external load was in the range of 0.5 × 10 4 -2.4 × 10 4 N, the theoretical stiffness value differed significantly from the simulated value, mainly because the structural flexibility and changes in the ball contact angle and other factors were considered in the finite element model. In addition, in order to save computing resources and time, the grid accuracy of the contact area is low, which also has a great impact on the accuracy of the results. Future studies will involve considering the flexibility of the structure and the variation in ball contact angle and other factors when establishing the stiffness model and improving the mesh precision of the contact area when the finite element model is established.
